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ABSTRACT

Due to the advance of technology, manufacturersketang strategies and quickly changing consumstes,
numerous products such as fashionable apparelhicigtaccessories and consumer electronics aredidblface the
problem of short lifespan and obsolescence. Thexethree related aspects are addressed in thigpa Firstly, we
derive a time-dependent demand model for singleg@eroducts, well portraying an integrated demdahavior from
growth and maturity stages to the final decay staggecondly, adding the factor of selling pricenavel time and
selling price dependent-demand rate is accordimgiysented. Finally, based on the demand, we ex@or EOQ
model for the purpose of total profit maximizatiamcompanied with numerical example illustration.
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INTRODUCTION

One area of inventory management that has beemswédy studied is the single-period model, where t
demand of products occurs during a relatively stioré and there exists only one opportunity to precproducts at
the beginning of the selling period. Meanwhilepgucts remaining in inventory at the end of thdireglperiod will
be discarded, salvaged, sold at a loss or entesradax write-off.  In practice, retailers usuatiyplement price policy
to spur sales to avoid ending the period with esiwesinventory.

Urban and Baker (1997) studied optimal ordering amiding policies in a single-period environmentttwi
multivariate demand and markdowns, in which demaraddeterministic function of time, price and leg&inventory.
Gupta et al. (2006) developed a pricing model feaing end-of-season retail inventory by computpgmal prices
with demand that could be deterministic or stodbasind arbitrarily correlated across planning @eri In addition,
You and Hsieh (2007) investigated a continuousritwey model to find strategies to sell a seasom itvver a finite
time interval. Dutta et al. (2005) proposed a lefgeriod inventory model with fuzzy random variedhl

Furthermore, Ghare and Schrader (1963) discusstdndard EOQ model to include exponential decagra/h
the lifetime of products is a random variable withgative exponential distribution. Delft and Vidl996) also
analyzed optimal policy for items with assumptidramegative exponential distribution to obsoleseen Arcelus et
al. (2002) discussed inventory policy for itemsagized as being subject to obsolescence, in wH&mand is
assumed to be a decreasing function of both sefificge and time, and up to a certain stochastie foint, suddenly
drops to zero.

The purpose of this paper is to provide a frameviorlsingle-period product inventory policy, wheve suppose
it bears the following three features: (1) lifespdiproducts is relatively short; (2) beyond a agrtime point, demand
decreases with respect to time, but never reaohies £3) during the period of declining demand, tewiler offers
price discounts to stimulate demand. Ultimatelgtimematical models for demand and objective anmdtated, and
theoretical analysis is conducted to optimize thigative of total profit.
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DERIVE THE DEMAND MODEL

In 1840, the Belgian mathematician Verhulst presg¢ra model for population increase rate, saying thea
population increase rate should be in direct lingaoportion to the population amount at that tiraad the total
population amount would never exceed a certain mami value restricted by their surrounding environtne He
thereby offered an expression for the behaviohefgopulation increase rate as following:

%=AP(U(U - P(Y) @

whereP(t) is the population amount at tinhé\ is a positive constant atdirepresents maximal population amount.
As we determine that products are made for peapfitchase and consume, thus we believe “the neople,

the more demand”. Furthermore, it is reasonabladopt Verhulst's population increase rate model gmduct

demand. In addition, to feature the characteristfdbe products, we will extend his model to feling two scenarios.

The first scenario time interval is [, and the demand rat®, (t) with the assumed upper boutd is
increasing as timeé increases, thus the variation &, (t) with respect tot is obtained by replacin@(t) with
D, (t) in (1), and will be expressed in (2). Contrarilye second scenario time intervaltis>p, and the demand
rate D, (t) with the certain lower bound “zero” is decreasasgtimet increases. Hence, the variation bf, (t)

with respect to time is then obtained by replacingp; (t) with D, (t) , U with zero in (2), and will be expressed in

(3). Consequently, we have an integrated demandehfiodsingle-period products as follows.

dDd;t(t)=/1D1(t)(U—D1(t)), O<st<u (2) with D, (0)=D,
dDdZt(t) =AD,(t)(0-D,(t)), t>u (3)

with D, (#) =D, (#)
where u=time to peak demand
A= positive constant
D, = initial demand

Solutions of (2) and (3) are given below and degidéh Fig. 1.

U

DO = 0stss (4)
u

D)=———— , t= 5

»(t) MU=+ H ()

where k:i—l, O =1+ ke ¥
0

Demandg
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» Time
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Figure 1. Demand without exogenous effects
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ASSUMPTIONSAND NOTATION

The mathematical model proposed in this paperssdan the following assumptions.
An inventory management for a single-period prodsietxplored, where the retailer initially setsegular selling
price P, and the original demand rate is characterized4)yafd (5). The retailer, however, intends to trékse

selling price in order to promote sales when denstads declining. As a result, the previously eleged rates (4)
and (5) are then modified by the following equatiwhich is illustrated in Fig. 2. The retailer’s jebtive is to
determine the discount selling pripeand order quantity so as to maximize his(her) {mtafit.

U

D(t)=———— ,0<ts<u
1+ ke ™
D(t, p) = U (6)
D,t)+ta(pp-P=7—7"""<* -p, &
AO*a(p - P gt AR B B
wherea is a positive constant.
A
Deman D,(t)

Do

» Time

Figure 2: Demand with price consideration

In addition to the notation in Section 2, the fellog will be used throughout this paper.
[(t) = inventory level at timé
g = order quantity (decision variable)
T = selling period
P, = regular selling price
P = discount selling price (decision variable)
A = ordering cost per order
¢ = unit purchasing cost
h = unit holding cost per unit time
K= cost incurred by price change, including changifigrice lists, tags, product catalogues and dibieg of price
change, etc.

MODEL FORMULATION AND NUMERICAL EXAMPLE

According to the aforementioned assumptions, teaitaneous inventory levit) is governed by the following
differential equations.
di@__ U
dt  1+ke™
di(r) _ U
dt  AU(t-p)+o
with the initial conditiong=I(0) and boundary conditioT)=0.

, O<st<su
)

—a(p- P, HstsT
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And the solutions of(t) andq are

1, 1l+ke™
1 nm , OStS/,/

I(t)= 1| /1U(T—,u)+5+ ; it (8)
;nm a(p—-P(T-9 , wusts
g = Lin Atk )AU(T- 1)+ 5)
A S(L+k)e v
Next, the retailer’s total profit will be constred, which consists of following five elements.
sale revenues P, (q— (1)) + pl(4) = p,a- (R~ P ()

ordering cost= A
price changing cost K
purchasing costc q

holding cost= h[ I(t)dt+h[ ()t
u

+a(p - P(T-4) 9

~ AUt _
fﬂ' 1+ ke _ITlnAU(T ’u)+5dtj

h
shau-—| [(In=——
¥ /1(0 (1+k)e™ £ AU(t—u)+0

+§ah(po— B(T- 11)?

Consequently, the total profit, denoted by TPailewalated by
TP =sale revenueordering cost- price changing cost- purchasingtcos
- holding cost
- AUT-p)+o
=(py o=t g2 Pin O o ()
+ kaut — )+
+h .[#In—:L ke_M t—J-TIn—/‘ u(T=4) Jd
A0 (Q+k)e #oo AU(t-p)+ o

Theorem 1. The TP is strictly concave
Proof. First, taking the first-order derivative gfwith respect tg, theng'=-a(T- /) is obtained. Next, taking the first

tj—% ah(R- B(T-w)’-A-K (10)

and second-order derivatives of TP with respegt toe have
-1+
TP= -a(py - o= )(T- p) + S in AL A2E

1
+2a(py =~ P)(T- )+ ak(T- M)’ (12)

And TP”= —2a(T — )< 0 for allp, and this completes the proof.
Theorem 2. The optimal discount selling price and order qugratie uniquely determined by

1 AUT-p+s, 1

1
Kk — - - = | = T-
P* =R 2(Ioo C ht1)+2)|a(r_ﬂ) 5 4I0 H  12)
1, (A+ke™))AU(T-u)+d] 1
* = | - — = T-
=50 o+k)e +2a(n) ¢ (T4
1 AUT-m+d 1 o
a In—a_ 4ah(T M) (13)

Proof. According to the first-order necessary conditiBhcan be easily obtained by setting TP'=0 in (11Moreover,
by substituting thé* value into (9), it immediately yields the resaft(13).
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Example. Parameters values atg=1000,A=1000, A =0.01,

p, =100, = 2T =K =200,h=0.5D,= 90a= 50;= 3l

Then, from (12) and (13), we derive the optimakdist selling price p* =68.02 and the optimal order quantity
q =3597.8E. Also, from (10), the maximal total profit TP=1885

CONCLUSION

This paper dealt with the inventory policy in respe to the single-period products, whose demansl through
the entire lifespan with the stage of growth, mguand decay. To the best of our knowledge, we the first to
introduce the following two innovative proposalstie literature. First, without considering anysgible exogenous
factors, we derived a time-dependent demand m@&jehrfid (3) for the products, which fits well inta ategrated
demand pattern. The second is that, accordingetavidely used formul® = a — Bp, we incorporated price effect

into (3) by: the increase in demand due to pricange is linearly correlated with the differencevimn the regular
price and the discount price, and in subsequenceval time and price-dependent demand model isrduagly
presented to construct an EOQ model toward theystedaiming at maximizing the total profit.

For further study, the proposed EOQ model can Ipdieapto products that suffer from deterioratiorAlso, we
can generalize it to the models with multi-discoumprice for either equal or unequal time subivéds. In short, this
paper provides a concrete foundation toward sipgléad products that other researchers can folfofuture.
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