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ABSTRACT

The theory and application of time-series clustering analysis is an effective explanatory technique in various
research fields. To overcome the limitations and many assumptions in conventional model-based clustering, this study
utilizes the projection pursuit regression method as explanatory tool for formulating, identifying and estimating
nonlinear models to approach the complex regression surface and then applied the projection pursuit method and an
agglomerative scheme to cluster time series based on a similarity measure. This clustering can be applied to nonlinear,
non-stationary, non-Gaussian models, and models involving interactions in predictor variables. Smulation results and
real data analysis for categorizing the collection of average personal income of 25 states in the US demonstrate that
this scheme compares favorably with other methods for similar clustering tasks.

INTRODUCTION

The study of time-series clustering analysis hasayad considerable attention in data mining, asndheory has
been applied in fields such as biology, medicinegnemy, finance, machine learning, signal analyaisj gene
recognition. Cluster analysis is a general datasifi@ation approach that researchers use to gymgtid group data.
Generally, the aim of clustering is to identify 8an series based on certain characteristics du@helements within a
cluster are highly similar and very dissimilar feraents in other clusters. Time-series clusterXigr{g, 2004) can be
divided into two major classes: distance-basedraodel-based methods. The distance-based scheneseaisat each
series can be represented as a point in a multntional space of fixed dimensionality, and thexsell on a distance
measurement, the dataset is grouped. For instdmeayell-known K-mean technique assumes the daitat pgth its
each dimension is independent; Euclidean distamdben applied for clustering. Unfortunately, ndunal distance
function exists for time-series data. Additionalprpblems, such as unequal length, time delay, anem cutoff, and
correlation among each dimension in a time sewdkbe overly emphasized by the distance measure.

Generally, model-based time-series clustering adapprobability model or statistical model to déserthe
mechanism for generating data. Under assumptiageraiang a joint probability density function forres data and
prior information, the probability model clusteringaximizes the posterior probability of a clusteodal as the
foundation of clustering. For instance, the Markoethod and hidden Markov method (HMM) are two commo
probability-model-based clustering methods. Thedtof statistical-model-based clustering of timeiese models
usually assume realizations as linear parameteritationary autoregressive (AR) or autoregressiveé @oving-
average (ARMA) models, and then clusters time amitsased on a similarity measure of a feature ifumdtased on
fitted models. The definition of feature functiobstween stochastic models, such as the weightelidEan distance
between the autoregressive model parameters (WaRdcorrelation functions (ACF), principle componanalysis
(PCA), discrete Fourier transform (DFT), discretavelet transforms (DWT) and series spectral transfare an
important subject. Since statistical-model-baserbteling methods consider the stochastic propesfiestime series,
the interpretations of their clustering results amgter and more reasonable than those of prohabibdel-based
methods.

In recent years, nonparametric time-series analyas become a powerful statistical tool for expigrithe
underlying structure in a dataset and gained adterdue to the limitations of autoregressive andvimpaverage
models in describing various natural phenomena ssclasymmetrical limit cycles, time irreversibilitgmplitude-
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dependent frequency, and chaos. {¥} ., be a time series, the most general nonparametticopder autoregressive

model can be defined as

Y= 0 X ) 0

where the random errag, is i.i.d. with a zero mean and varianzé . In a linear regression setup, one assumes the
response surfacd can be expressed as a linear combination of prediariables. If inadequate, model scope can be

extended by adding terms, such product or highropdedictors, to the model. Parametric regressiauets have
advantages such as ease in computations, intaipnstaand forecasting. However, guessing which sestmould be
included in the function when many predictors eiisthe model, and which one is the most appropffianctional form
is difficult when just looking at the data.

Multivariate nonparametric smoothers only requirbea assumptions; however, they frequently encautite
problem of “curse of dimensionality,” which is aigigborhood with a fixed number of points that beedess local as
the dimensions increase (Hastie and Tibshirani,0L9%everal nonparametric regression approaches baen
developed in response to this dimensionality probl&eneralized additive models (GAMSs),

Yt = fl“—]) Feet fp(Y—p)-'-é;’ (2)
or projection pursuit regression (PPR) (Friedmad Switzer, 1981) overcomes this problem by usinglags of the

Taylor explanation to approach a complex responsiace. The mean function in GAMs is the summabtbiseveral
univariate smooth and unknown functiohs(0))'s . Once the additive model is fitted to data, plaftsmooth functions

can be examined to assess the contributions ofgboesl in predicting a response. Although it canalpglied to non-
linear, non-Gaussian distributed or nonstationases, GAMs cannot deal with interactions betweediptors. In such
models, the projections are done onto individualprtors rather than onto a projection vector, Whicthe linear sum
of the predictors, as in PPR. These projection arsctinstead of individual predictors, allow PPR deal with

interactions, which is the main property of PPRu§hthis study applies the PPR model to overcoresetiproblems,
and estimate nonparametric models and clustering.

The remainder of this paper is organized as folloWee existing time-series clustering methods at®duced in
Section 2. Section 3 describes the PPR clusterigtpad and its basic concepts. This clustering ntetesimulated,
and compared with other clustering analysis methondSection 4. Average personal income in 1929-1i8985 US
states is applied in Section 5.

LITERATURE REVIEW

Most time-series clustering studies applied théediht models and assumptions to their proposetiadstsuch
as the HMM clustering method (Rabbiner et al., 398® model-clustering method (Kalpakis et al., 208iong, 2004;
Ramoni et al., 2002) and nonparametric model-clurggemethod (Luan et al., 2003; James et al., 2008t al., 2006).

HMM Clustering Method
The HMM is a double-layer random process that dosta hidden state layer and observable output.layee

HMM is a finite set of states, each of which isaasated with a probability distribution. Transit®among states are
governed by a set of probabilities called transitgyobabilities. An outcome or observation can beegated for a
particular state according to the associated piibtyatistribution. Although the hidden state layeannot be observed
directly, it can be estimated via aggregative estimm of the output sequence. The following thieesks typically occur
when applying the HMM for clustering. (1) Given nebgparameters, compute the probability of a padicoutput
sequence and the probabilities of the hidden statees given that output sequence. (2) Given mpdeameters, find
the most likely sequence of hidden states that heye generated a given output sequence. (3) Gimeaugput
sequence or set of such sequences, find the rkefit et of state transition and output probalk#itiThat is, identify
HMM parameters given a dataset of sequences. Thaifd-backward procedure can be applied to redueentimber
of calculations (Rabbiner et al., 1989); the Viteslgorithm (Rabbiner et al., 1989) is applied teritify the most
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probable hidden state under each time. The backitrg method is then applied to identify the optimuoute. The
forward-backward calculation variable is employedhe Baum-Welch scheme is applied to solve thd fhioblem.

Statistical Model Based Clustering

When the statistical-model-based clustering mettasdsme the series in the same cluster are frosathe time-
series model, such as common AR models, ARMA modelautoregressive integrated moving average (ARIMA
models. Ramoni et al. (2002) considered gene esipresis an AR model, and applied the Bayesian rdeth@erform
clustering with an agglomerative algorithm. Xior2004) assumed data were mixtures of ARMA, and appthe
Expectation Maximization (EM) algorithm (Dempstérag 1976) to estimate model parameters and GtlEmhaximum
posterior probability for a clustering model. Kafmet al. (2001) adopted the ARIMA time-series eloénd applied
the linear predictive coding cepstrum (LPC) (Fuifg89) coefficient to extract coefficients of thme-series model.
Trend and seasonality components were first remdv@uh data, since stationary data can be well dittdth an
autoregressive model of a certain order; thusL#2€ can be acquired through estimated autoregeessiefficients.
Sequentially, the cluster result can be obtainedgplying the partitioning around method (PAM) he LPC.

Nonparametric Model Clustering

Nonparametric regression allows one to estimatelimear fits between continuous variables with few
assumptions about the functional space. This featasults in wide-ranging techniques that can bel&yad to
numerous practical situations in diverse fieldssétime current nonparametric clustering studies,tihee” factor is
used as a predictive variable of a model; that is,

Y= () +e 3)

is the generation mechanism producing the serieadh cluster. Luan and Li (2003) applied this niéaleluster time-
series data, gene expression was analyzed by arsmetric mixed-effects model, and a parameter nede obtained
based on the B-splines (De Boor, 1978) transforme ©rucial step in this clustering method is to lpghe EM
algorithm to obtain maximum likelihood estimategtimum clusters can then be determined by the Bayes
information criteria (BIC) evaluation. Ma et al.0@6) also demonstrated that gene expression chawgegime; thus,
different gene sequences have different charaeat@iz functions, and each gene can have the sakastic effect in
the same clusters. Notably, nonparametric regnessas applied to estimate the mean function of eseles during
clustering. James et al. (2003) proposed a clugtgniocedure that is applicable to various curva @iat is especially
useful when individuals are observed at a sparseofséime points. However, the independent variabfethese
nonparametric clustering methods is only tirhe,

PPR CLUSTERING METHOD

The primary concept underlying projection pursuiggnession (PPR) is as follows. LeY and
X =(X, X X,y )" be the response and explanatory vectors, respbctiBuppose one has observatioysand

corresponding predictorsy =()§1,)g2,...,)gp)', i=1--,n Let a,,q,, - ,a,, be p-dimensional unit
“directional” vectors, and Ielyzlzin_l y,. The PPR function locates ther =M, directional vectors
n =

a,,a,, .0y, and a good nonlinear transformatiqp, fy,, fMD , such that

~Vv M T
y=y+> ° B.f.(arx)
provides a good model for data. Formally,and X are assumed to satisfy the conditional expectatiodel,
M
E(le l"'1xp)::uy+zmilﬂmfm(ar-:])_() )(4
where f.. has been standardized to have mean zero andvamiance:

Ef (@'x)=0, E2f (@'x)=1, m=1- M,
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Model parameterg@m, f a,,m=1.-- , M, in Eq. (4) minimize mean squared error

ETY =y = 3 B @ X1 ©)
For instance, supposE(Y|X,X,)=XX,. This is described by (4) witht, =0, w=2 B, =p5,=1/4,
a=0Y,a=0-1, kX, KX

Thus, this PPR model is a simple interaction moDek to the limitation of the space, researcheterd@sted in
the PPR estimation method can refer to Peter (1#Edman and Switzer (1981).

To apply the PPR model for time-series clusterimg,assume the series in the same cluster are getdnathe
same model. Hence, if two sequen@sand S;, are similar, the fitted modetis, and M, can also reflect the similar

m?

structural relationship. Furthermore, if such ailsimfitted model relationship exists, these fitteddels should have
similar predictive results for any sequence in eguences. Thus, if predictive vecf,qris acquired by predictive

seriesSj through fitted modeﬂnj , a similar predictive vecto;}j , can be deduced through the fitted model of this

predictive vector; angice versa. Therefore, clustering can be processed througlrs&vely searching two similar series
or cluster according their fitted models. Crossdatlon (CV) is a model-selection method that takes predictive
ability of a model as the basis for model selectibhe basic purpose of CV is to divide a dataskt iwo parts—a
training set and testing set. For each seriesytbik fits a PPR model using training data, anddedés the model using
testing data. Thus, the concept of CV is appliediétermine the similarity between two fitted moddlging the
clustering process. L§tS,, ---, S,} be the set of time-series data that is divided ktcluster§C,, ---, C,} ; the

PPR clustering method is described as follows:
Initiate: Set the initial cluster€, ={S}, Ol<i<n.

For any two cluster{,C;, C }, [l<i<j<n,and calculate the€CV value to determine the similarity

between any two series:
(a) Thus, the PPR method is individually appliedfito{ C;, C } for obtaining the fitted mod¢im,, m;} and fit

vector{ y,, ¥} .
(b) Model m, is applied to predict}?j for obtaining):/j ; at the same time, modehj is applied to predictg/i for

obtaining):/i .
n-p A n-p -~
(9i _9i)2 + Z (91 _91')2
i=1
n+n,—2p
Define the upper triangular mat@/ =[CV(i, j)] of sizen x n.

(c) Definecv(i’ j)=-2 , Wherel is the summation of all sequence lengths in chdste

Select two cluster¢C.. ,Cj* ), for meeting(i’, ") = aug(minCV, ; )merged to the same clusters. Additionally,
i<j '
take Cv. ;as the CV of this iteration.

Cycle. Repeat steps 2—4 until the data mergeshster.

The CV value is calculated during clustering, as CV ime@asurement of predictive ability of a fitted modél
the optimum number of clusters is obtained, variabetween clusters increases and variation withisters decreases;
thus, the CV value increase markedly in the next recursion, tedoptimum number of clusters can be determined
based on these phenomefia evaluate clustering quality or compare clustgresults with other methods proposed for

similar time series clustering tasks, this worksute cluster similarity measure developed by Gawi(2000) to assess
the performance of clustering methods. Given twastelring sets, G=(G,,---,G.) andA=(A,,---,A.) » the cluster

similarity measure is defined by
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. 1 c '
MG, A) = £ 2, Max. . SMG,, A) 6)(
wheresin(G,A)=2|G nA [/(|G |+|A [). G is the clustering for the “ground truth” andisAobtained by a cluster

method under evaluation.
SIMULATION

The data generated under various conditions arsidened in this section. Furthermore, the PPR efirg
method and CV are applied to determine the numbelusters and obtain clustering results. The nodeé defined
and labeled as follows:

M1: 1-@B)Y, =¢,
M2: (1-@B-@B?)Y, =¢,
M3: (1-¢B-9B°-¢B%)Y, =¢,
M4: (1-@gB-¢B?*)1-B)Y, =¢,
M5: (1-@B-@B?) =pt+¢,
M6 : Y, = Byt BY. Y ,+ &,
M7: Yo = Bot BiY Y Yist &
where M1-3 are the AR models; M4 is the non-statipiARFIMA (2, d, 0) model; M5 contains the tremneim; M6 and
M7 interact in predictor variables. The number loBters is set at 3; 5 time series are produceddoh cluster in these
models. The details of experiment are as follows:
Example 1 (Stationary model) linear AR (1) data.
The linear and stationary AR models M1 with coédiittsg of 3 clusters are 0.2, -0.2 and 0.8.

Example 2 (Mixture) linear AR (2) data
The linear AR models M2 with coefficient vecto@q,@) of 3 clusters are (0.2,-0.1), (-0.2, 0.7) and ,(0.8).

The first and the second clusters are stationadhtlaa third cluster is a non-stationary model.
Example 3 (Stationary model) linear AR (3) data

The linear and stationary AR model M3 with coe#iui vectors((q, @, %) of 3 clusters are (0.2, -0.1, 0.8), (-
0.2,0.7,0.2) and (0.8, 0.8, -0.7), respectively.
Example 4 (Non-stationary model) ARFIMA (2,d,0)

For the non-stationary time-series model M4, gaerefRFIMA (2, d, 0) time-series data for 3 clusterhere
parameter vectorég, @,,d) are (.2, -.1,.7), (-2, .7, .49) and (.8, .8)1tBspectively.

Example 5 (Non-stationary model) with time trend data
For time-series model M5 with a trend componerg, AR coefficient vector§g, @, ) of the 3 clusters are (.2,-

1,.1), (-.2,.7,.1) and (.8, .8, -.1), respeddiiv
Example 6 (Non-stationary model) with second-order inteiattn predictor variables.
For time-series model M6 with an interaction itesnefficient vectors( 3, B,) of the 3 clusters are (0,1), (.1,1)
and (-.24,.2), respectively.
Example 7 (Non-stationary model) with third-order interactiin predictor variables.
The order of interaction items in the generated ehéel3, where coefficient vectoff,, 5,) of three clusters are

(0, 1), (.1, 1) and (-.24, .2), respectively.

In simulations, the length of the time series iefAd 100 iterations are applied to obtain averagk séandard
deviation for clustering quality similarityQim). If the length of a generated time series is ltorga given clustering
model, its clustering similarity is high (Table 1Additionally, if the length of a time series T 490, its average
clustering similarity is 0.9744. Furthermore AR&)d AR(3) are generated in M2-5, and the data theisgbnly 100
under a non-stationary scenario; thus, the sijlari the clustering simulation result is 0.97-J1alfle 2). Notably, if
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the true model involves predictor interactions, rewehen data length is only 10, this clustering rodtltan also
determine that average clustering similarity isselto 1 (Table 3).

Table 1: Clustering similarity (Sim) of the modelsin Example 1.

Quantity length T=100 length T=200 length T=400
Average (Sim) 0.6777 0.8161 0.9743
S.D.(Sim) 0.0707 0.1598 0.0830

Average (Sim) and S.D.(Sim) mean the average amlatd deviation, respectively, of clustering gyadimilarity 100 iterations.

Table 2: Clustering similarity (Sim) of models in Ekamples 2-5.

Model Quantity length T=30 length T=50 length T=100

M2 Average(Sim) 0.7970 0.8947 0.9888
S.D.(Sim) 0.1559 0.1348 0.497

M3 Average(Sim) 0.8187 0.9461 0.9841
S.D.(Sim) 0.1608 0.1065 0.0616

M4 Average(Sim) 0.7099 0.8689 0.9767
S.D.(Sim) 0.1678 0.1422 0.0700

M5 Average(Sim) 0.8235 0.9526 1.0000
S.D.(Sim) 0.1544 0.0931 0

Table 3: Clustering similarity (Sim) of models M6 and M7

Model Quantity length T=30 length T=50 length T=100
M6 Average(Sim) 0.992 0.9858 1.0000
S.D.(Sim) 0.0450 0.0609 0
M7 Average(Sim) 0.9582 0.9537 0.9888
S.D.(Sim) 0.1145 0.1205 0.0634

To investigate the change in Csind determine the number of clusters, time seriegenerated based on the real
number of clusters mixed with different models vatkb clusters. The following examples are usediplanation.
Example 8

The real data are 5 series for 3 clusters of AR{@ilels (total, 15 series), and the length of danh series is
100. Calculate the CVv* value of each recursionuFeégl(a) shows the CV* of each recursion. One @nfsom this
plot that CV*(12) =2.8206 and CV*(13) =6.0772; thtise CV* value increases at the 12th iteratiord #e optimum
number of clusters is 3. This experimental resuiaime as the real number of clusters.

Example 9

The data set contains 4 clusters, 3 AR(2) and lstationary ARFIMA time-series daturihere are five series
with series lengths of T=100 for each of theseuételrs. Figure 1(b) presents the change in the &\¢ach step of the
agglomerative clustering procedure. The CV* valuéhie first 16 steps remain roughly stable. In dtépthe CV* value
increases markedly; thus, the merging procedureldhstop at step 16 and return the 4 clusters. €kperimental
result is same as the real number of clusters.

Example 10

The data contains 5 clusters, 3 AR(2), 2 clusté&aRFIMA time series data, 3 series of each clugtetal, 15
time series) with a length T=100. Figure 1(c) lists changes to the CV* value at each step of gigboenerative search
procedure. In the first 10 steps, the CV* valueréases slowly and linearly. In step 11, the CV*ueaincreases
significantly; thus, that the merging procedurewstictop at step 1énd return the 5 clusters. This experimental result
same as the real number of clusters.

Example 11

Repeat the simulation of Example 3; however, edgster is increased to 5 series (total, 25 sequentdime
series data) and length of each time series is TB8. CV* value increases obviously between’ (20)= 3.0224
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and CV' (21)= 4.1038 (Fig. 1(d)); thus the merging procedureutth stop at step 20 and return 5 clusters. Notabéy
optimum number of clusters is 5, which is samehag¢al number of clusters.
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Figure 1: The ¢y of clustering in (a) Example 8, (b) Example 9, (dtxample 10, and (d) Example 11,
with various numbers of clusters. The arrow indicags the real number of clusters.

To determine whether this technique improves engstilustering results, the proposed method is coatpwaith
WAR (Kalpakis, 2001), linear prediction cepstrumPE) (Kalpakis, 2001), and Bayesian AR clusteringthogs
(BAR)(Ramoni, 2002; Medvedovignd Sivaganesan, 2002). For the same simulated dattheetVAR, LPC, BAR and
PPR methods are applied for clustering and caloglagimilarity. Table 4 summarizes the performanoéshese
methods based on 100 iterations during simulatigperimental results demonstrate that the PPRerlng method
compares favorably with other methods for similaretseries clustering tasks.

The data for demonstration analysis are personalaraverage income for 25 states in the US in £9299.
Some economists divided high and low growth rategersonal income in 25 states into two groups. firge cluster
includes 17 states (CT, DC, DE, FL, MA, ME, MD, N€J, NY, PA, RI, VA, VT, WV, CA, IL) on the easteseacoast;
California and Illinois are areas with high growstes in personal income. The second cluster iesl@&linland states (ID,
TA, IN, KS, ND, NE, OK, and SD); these states aema with low growth rates in personal income.|uster analysis,
this work applied the PPR method to group thesse2tes into two clusters. In Table p,and M adopt the number of
different candidate values used in the PPR clugietdo assess the impact to performance (Table 8. Clustering
similarity was 0.762-0.802; thus, analytical resdid not change obviously.

Table 4: The similarity of models in Example 1-7 vih various clustering methods.

Model WAR LPC BAR PPR
M1 0.94 0.89 1.0 0.94
M2 0.94 0.87 0.98 0.96
M3 0.95 0.91 0.97 0.99
M4 0.96 0.87 0.99 0.99
M5 0.80 0.73 0.89 0.98
M6 0.77 0.78 0.71 1.0
M7 0.93 0.85 0.93 0.98

The “WAR”, “LPC”, and “BAR” indicate the weightedUglidean distance between the autoregressive npadameters, linear prediction cepstrum
(Kalpakis, 2001), and Bayesian autoregressive @i methods (BAR)(Ramoni, 2002; Medvedovic andh§anesan, 2002), respectively.
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Table 5. Clustering quality of personal income fo25 US states with various orders in autoregressivaodel fits.

order Mo=1 Mg=2 Mo=3 Mo=4 Mo=5

p=2 0.79 0.76 0.76 0.76 0.76
p=3 0.79 0.79 0.79 0.79 0.79
p=4 0.79 0.79 0.79 0.80 0.79

The ordep andMo are the parameters used in equation (4).
REAL DATA ANALYSIS

The number of clusters is examined further. Ththiametic recursion is applied 24 times until allalate in one
cluster, and theCV  value of each time is calculated for each recursibne CV* value increases obviously
betweencv (23)=374150.37 ang@\, (24)=1744352.57 (Fig. 2); hence the optimum numberwsters is 2. Notably, this
number of clusters agrees with the statement afi@skof growth rates in average personal incomthéyeconomists.

Kalpakis (2001) first assumed all personal inconaadare from ARIMA models, and applied the difféeren
methods—LPC, DFT, DWT, PCV and MSE—to extract tbefficients, and then took the Euclidean distareivéen
coefficients as the basis for clustering. Tableofgares clustering results. The PPR clusteringlagiityi is 0.81, which
approaches the current optimum clustering result.

1500000
1

1000000
|

Cve

500000
1

iteration

Figure 2: The c/value for personal income in 25 US states.

Table 6: Similarity of personal incomes in 25 US stes clustered by various methods.

Method PPR LPC DFT DWT PCV MSE
Sim 0.81 0.84 0.68 0.60 0.68 78
CONCLUSION

Under any condition, the length of the time seigelong in simulation analysis and, thus, the driag effect is
optimal. If real data are AR (1), the length of g¢ireeries should be 400, and clustering similarity approach 1;
however, under other conditions, only time lengti®0, and then clustering similarity will approdgcheven when the
real model has interactive predictors.

Compared with conventional methods, if time-sedat are the simplest linear data AR (1) becawusentbdel is
excessively simple, the nonparametric model isiagplor clustering simulation, and the effectivened the PPR
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clustering method is not good relative to otherhnods. If time-series data are AR (2) and AR (3)phwious difference
exists between the PPR method and other methodbelé are trends and interactive items in the,dht PPR
clustering method is better than other methods.

In real data analysis, such as that for persormanie data for 25 US states in 1929-1999, the optirdluster
size 2, which was obtained by the PPR method peaposthis study for determining the number of tdus, is same as
that put forward by the economist. The PPR clustesimilarity is 0.81, which approaches the curreptimum
clustering result.
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