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ABSTRACT

Forecasting the production of companies or industries is important to entrepreneurs and governments and grey
prediction model has been one of the popular forecasting techniques. Traditional grey model is derived from the criteria
of least squares method, which may suffer from outliers in series and is not robust. In this paper, a grey model with
minimizing the sum of absolute errors criteria is proposed and the parameters are estimated by the linear programming
method. The proposed model could reduce the effect of outliers, which means that it is more robust than that obtained
by least square criterion. Smulations are studied and the results demonstrate the efficiency of the approach. Real
example is also presented in this research to show its application in practice.
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INTRODUCTION

Forecasting the production of companies or indestis important to entrepreneurs and governments (\@95).
Marketing and production managers often need teclst sales, earnings, costs, production leveigniories,
purchases, capital requirements, etc. GeneralbgRition forecasting techniques are classifieduaditative, involving
primarily judgment, and quantitative, involving marily historical data and mathematical models sashtrend
extrapolation, exponential smoothing, curviline#tirfg, regression analysis, input-output analysisg econometrics
model. Each method has different degrees of accatatium to forecast term, and each one has its @mge of
application and limitations. However, historicalsebvations of production of companies or industeass sometimes
influenced by interruptive events, such as strikegbreaks of war, sudden political or economicesj unexpected
heat or cold waves, or even unnoticed errors ohty@and recording. The consequences of these uptdre events
create spurious observations that are inconsistithtthe rest of the series. Such observationsiavally referred to as
outliers and may lead to the quantitative producf@ecasting model invalid (Chen and Liu, 1993).

With rapid development in the study of forecastteghniques, several comparative methodologies haen
evolved in the past decades. One special techn{grey Model (GM) (Deng, 1982; Deng, 1989a; Deng899 has
also been applied successfully in forecasting thieakior of system or series. Chang, Lai and Yu $2Q@opose a
variable P value rolling grey forecasting model f@wan semiconductor industry production; Lai (2Pp@&nd Lai
(2003) applied GM group model to forecast non-statry seasonal and nonlinear time series; Li, Yarokigand Nagai
(2007) combine grey model and Markov chain to pedhe number of Chinese international airlineshedt
applications see Chang (2007), Fan (2002), WardjHamg, (2003), Xu and Wen, (1997). There are stalvantages
employing grey model to time series, such as eakylation and few observations (data) needed. Gragel employs
a first order psudo differential equation to chégdze a system, and there are two parameters toebd estimated
while model construction. These two parametersobtained by least square criterion. However, agkmeaw, the least
square criterion may suffer from outliers in seaesl is not robust, so the grey model based on $gasire criterion is
not robust either. In order to correct the deviadica grey model with minimizing the sum of abseletrors criteria is
proposed in this research and the parameters tineag=d by the linear programming approach. Thesghrameters
can be easily obtained by employing linear programynpackage such as EXCEL. The proposed model amaldce
the effect of outliers, which means that it is moobust than that obtained by least square critef®mulations are
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studied and the results demonstrate the efficieiaye approach. Real example is also presentdhkisrresearch to
show its application in practice.

The organization of this paper is as follow. Intggt2, the brief review of traditional grey modef production
forecasting is made and the modified grey modeh wiinimizing the sum of absolute errors criterisrproposed. In
section 3, simulations are carried out to verifd @aampare the efficiency of the proposed modele& world example
is also employed to show the application in practi&inally, some concluding remarks are made iticged.

ESTABLISHMENT OF THE MATHEMATICAL MODEL

As described in previous section, Grey Model hae Akeen applied successfully in forecasting thelyetion of
companies, demands of industries, etc. Here, &reneew of the most popular grey forecasting modaimed GM(1,1)
model, is made below.

Review of GM(1,1)

In this section, the GM(1,1) model is briefly rewed. One may consult Deng (1982), Deng (1989a),gDen
(1989b) for more details.

Given the data sequencgX@(t),1<t < n}. Assume XO(t) is positive for allt. Then the pseudo

difference equation of GM(1,1) is formed as

xO@t)+aZ®t) =b (2.1)
where
20 =2 (<0 + Xt -) .2
The least square solution of (2.1) can be expreased
a
{b} =(B'B)"'B'y (2.3)
where
-9 1
— -0
e (2.9)
- 70 (n) 1
and
x@(2)
x93
y= :( ) (2:5)
x(n)

The sequence
x® ={x®@,x?2),....xY (n)}

= {Zl: x(o’(m),zz:x(o’ (m),...,zn: x“”(m)} (2.6)

m=1 m=1 m=1
is the accumulating generation operation (AGO) eaqa. Accumulating generation exponential is anontamt
scientific view in grey system theory (Deng, 198B&ng, 1989b; Fan, 2002) and is the basis of gregieing also.
The forecast of X (t) is then obtained by

XO(t) = X9 (t) - %O (t -1) 2.7)
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where

- b, aw-n ., b
xO) =(xO @ -D)e P + = (2.8)
a a
for2<t<nandx® @ =xP @) =xP Q).
As we know, the least square criterion may suffemf outliers in series and is not robust, so they gnodel

based on least square criterion (as shown in exquéi3)) is not robust either. In order to corrtbet deviations, a grey
model with minimizing the sum of absolute errori¢etia is proposed in the next sub-section.

The GM (1,1) Forecasting M odel with Minimizing Sum of Absolute Deviation Criterion
The parameters of equation (2.1) are estimatectast Isquare method ard® (t) are obtained by (2.6) and

(2.7). It is nature that one wishes to make therdsetween X© (t) and x(t) as small as possible. That is

min C(a,b) = min > |e(t) (2.8)
t=1
where
£(t) = xO(t) - xO(t) (2.9)
By Teng (1999) to eliminate the absolute in (3dEfine
P(t) :MT_‘S“)J =12,..,n.
(2.10)
Q) =|‘E(t)|%(t),i 12,0
Then P(t) =0 and Q(t) = O,forall i =12,..,n. Furthermore,
e(t) = Q(t) + P(t) i =12,..,n. (2.11)
and
) =Q(t) - P(t) i =12,..,n. (2.12)
According (3.4) and (3.5), (3.1) and (3.2) canémaced respectively by
min C(a,b) = min Zn:(P(t) +Q(t)) (2.13)
t=1
where
xO @) = X9O@)-P@t)+Q(T), i =12,..,n. (2.14)

Then the solution ofa and b can be expressed as solving the linear programprolgem below:
n
min (P +Q()
t=1

xO () = X9 (t) - P(t) + Q(t),i =1,2,..,n.
St. P(t)=0,i =12,..,n. (2.15)
Qt)=0,i =12,..,n

The parameters can be easily obtained by empldiyiegr programming package such as EXCEL.
SIMULATION RESULTSAND APPLICATION

Simulation Settings

In order to investigate the practical implicatimfshe models described above, an empirical stadarried out.
For convenient, series with 5 observations areidensd. Suppose the simulated data are generateditfre following
forms:
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O (@t)=050+1+e(t),t=12,..5 (3.1)
where €(t) denotes noises generated from normal distribuiedomly with mean 0 and standard deviation 0.15.

Note that function (3.1) is a linear function. Teriy the proposed criteria is more robust thastisguare criteria, an
inconsistent observation dt = 3 is made by the following forms in sequence:

X, (t) = 050 +1+e(t),t = 1,245
050 +3+e(t),t =3
with observation X2, (3) is drift.

For each function, 50 sequences with five obseryaatare generated. To compare the forecastingrpafee in
general, the Mean absolute percentage error defiakxv is used:

xQ, (€) - %9, (©)]
MAPE = [ Z‘ T [100% (3.3)

Furthermore, the absolute percentage error
APE = X(O) (3) X(O) (3)

(3.2)

(3)‘ (100% (3.4)

is also defined to measure the performanc@(bof) 4.

Simulation Results
Fig.1 shows the simulation results of (3.1) an@)30ne may find that the MAPE values of grey mousligh least

square error criterion is larger then those obthiwégh minimizing sum of absolute error criteriomhich means the
well fitting of the grey model with minimizing surof absolute error criterion even the drift obseiofad in the
sequences as described in (3.2). The simulationitsemdicate the grey forecasting model with miiziimg sum of
absolute error criterion could reduce the effeadutfiers, which means that it is more robust ttfeat obtained by least

square criterion.
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Figure 1: The M APE Comparison of Grey Model with L east Square Error Criterion (dash line) and Grey M odel
Minimizing Sum of Absolute Deviation Criterion (solid line)

Furthermore, one may interest in the APE in FigDé&finition of APE in (3.4) is to observe the foasts of the
drift points in sequences. Note that the drift peiare made in order to simulate the situationseaf case. Thus the
larger APE means the forecasts far away from tife mbints, which also shows the forecasts is lefisence by drift
points or outliers. Contrary to Fig.1, one may fthdt the APE values of grey model with minimizisigm of absolute
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error criterion are larger then those obtainedeast square error criterion. This also show thg feecasting model
with minimizing sum of absolute error criterion édueduce the effect of outliers and is more rolthiah that obtained
by least square criterion.
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Figure 2: The APE Comparison of Grey M odel with Least Square Error Criterion (dash line) and Grey M odéel
Minimizing Sum of Absolute Deviation Criterion (solid line)

Application
Here we employ the example of U.S. quarterly seoiebeer production between 1975 and 1982, whick wa
studied by Wei (1990). Note that in that examgte, ariginal observatio (o&l @2) = 3654 was replaced by a new

observation x{%,, (L2) = 5654, which could be due to a typing error. The obstova X, (L2) is then identified

to be an outlier. Table 1 shows the original data.

Table 1: Quarterly U.S. Beer Production (Millions of Barrels)
Chiarter
I o T v
1975 36.14 44,60 44.15 35.72
1976 3619 4463 4695 3690 -
1977 39.66 4972 44.45 T
1978 4144 4907 48.98 39.59
1979 44.29 50,09 48.42 41.39
1920 4611 5344 53.00 42,52
1981 44.61 5518 52.24 41.66
1982 47.84 5427 5231 42,03

Source: Wei (1990)

Year

Suppose we are interesting in forecasting the mtimlu of the fourth quarter, then the observatiohthe fourth
guarter each year are selected and re-index (DaBYas

RE-INDEX
{xG @), X5 @) xR 02, x5 B} = {X@w @, X ), xR 8)} =X
In order to compare grey production forecasting eldcbased on different error criteria, the modals a
established by using the in-sample data from 19 1980. The in-sample data are used to estittetgarameters of
grey production forecasting models based on diffieegror criteria. After the parameters are obtdjribe series from
the 1981 until 1982 are reserved as a post-samiegch are used to evaluate and compare the two abead
forecasting abilities of both models.
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Table 2 shows the results of in-sample and pospEa®PE and MAPE respectively. The in-sample MAFE o
grey forecasting model based on least square emtarion is 0.112, and the smaller in-sample MABEgrey
forecasting model based on minimizing sum of alisokrror criterion is 0.0674. Especially, the AR¥etasts at
t =3 by grey forecasting model based on minimizing safrabsolute error criterion is larger, which meémat the
forecasting value 38.54 is closer to the real v8fEi&4.

The post-sample forecasts of the 4-th quarter prtamhs of 1981 and 1982 are also display in tablEze
post-sample forecasts MAPE with different crite@®088 and 0.061 respectively. Table 2 also indgdhe grey
production forecasting model based on minimizinghsaf absolute error criterion could reduce the affef outliers
and is more robust than that obtained by leastreqeriterion while applying in practice.

Table 2: Comparison of 4-th Quarter U.S. Beer Production Forecasts

Grey Model based on Grey Iiodel based on
least suare etror tritimizing sum of
criterion absolute error criterion
xid xiod Forecasts AFE Forecasts APE
1 3572 3572 35.72 3572
2 36.90 36.90 44,14 0.1962 27,15 0.0067
3 36.54 56.54 43.76 0.2260 38,5 0.3184
4 3050 3n50 43,38 0.0%54 29,90 0.007E
5 41.39 41.309 43,01 0.0362 41.23 0.0040
1] 4252 4252 42 .64 0.002% 42,52 0.0000
MAPE 0.1120 0.0674
7 41.64 41.66 42,28 0.014%8 43.78 0.0510
8 42.03 4203 41.491 0.002s 45.01 0.0710
MAFE 0.008E 0.0&10
CONCLUSION

Marketing and production managers often need teckst sales, earnings, costs, and production |&edtse
they make decision. Success in market competitiontoben be achieved with application of forecasthoe to service
decision-making and consideration of some preventeasures when accuracy cannot be ensured ioréeagt. A
proper quantitative method is necessary for pradndorecasting task. However, it is more diffictdt forecasting
when historical observations of production of comnipa or industries are sometimes influenced byierstl

In this paper, grey production forecasting modeith wlifferent errors criteria are compared. Traditl grey
production forecasting model is derived from thigecia of least squares method, which may suffemfroutliers in
series and is not robust. In this paper, a greyahaith minimizing the sum of absolute errors aiite is carried out
and the parameters are estimated by the linearagmoging method. A simulation involves 50 sequengéh five
observations are conducted to compare the foracagérformance between grey forecasting model l@dbt squares
criterion and model with minimizing the sum of alge errors criterion. Simulation results indicatee grey
forecasting model with minimizing the sum of abselerrors criterion could reduce the effect of ieutl and is more
robust then that obtained by least square criterid1S. quarterly beer productions between 1975 2882 are
employed in this research to demonstrate the wtadida@f grey production forecasting model with nmizing the sum
of absolute errors criterion. The simulation andgtice results show the grey production forecastimagel with
minimizing the sum of absolute errors criterioraisompetitive and competent quantitative methodHerproduction
forecasting.
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