A Deteriorating Two-lItem Inventory M odel with Continuously
Decreasing Demand and Retroactive Holding Cost

Kuo-Hsien Wang, Department of BusinessAdministration,
Takming University of Science and Technology ,Taipei , Taiwan
Che-Tsung Tung, Department of I nternational Trade,
Takming University of Science and Technology, Taipei, Taiwan
Chen-Lin Chien, Department of International Trade,
Takming University of Science and Technology, Taipei, Taiwan
Feng-Chu Hung, Department of recreation and Sport M anagement,
Shu-Te University, Kaohsiung, Taiwan

ABSTRACT

Demand correlation among two interacting items is common in real-life markets. Sometimes demand of the first
item would trigger additional demand toward the second item, but not vice versa. For items with decreasing demand
in time, the longer is the selling period, the less the demand and the higher the inventory cost.  This paper develops the
related inventory model during which two deteriorating items are considered under the circumstances of retroactive
increasing (decreasing) holding cost step function of storage time and two possible distinct selling periods aswell. A
sufficient condition to minimize total inventory cost per unit time is anticipated, via suitable control of the selling period.
Ultimately, in response to the structure of holding cost, an efficient methodology for determining optimal selling periods
is presented and demonstrated by numerical examples.
Keywords: Inventory; Deteriorating; Holding cost; EOQ

INTRODUCTION

Demand correlation among two interacting items @mmon in practice. In particular, a remarkable
phenomenon frequently occurring is that demandhef first item would probably cause extra demandatowthe
second item, but not vice versa. Taking digitaineeas and memory cards for example, customers wihchase
digital cameras would be more likely to purchasemmey cards at the same time, whereas those whjusiréuying
memory cards would never purchase digital camesasedl. Similar comparisons include: PC vs. pringinter vs.
cartridge, cell phone vs. battery, and fashionaplgarel vs. accessory etc. Specifically, a charistic between them
is that the second item usually has a longer gefieriod. Batteries are expected to be kept omnttuéket for a period
of time after the specific cell phone model stogitirg.

Another widely discussed experience is that theadehof the first item would favor the demand of seseond
item, and vice versa. Bhattacharya (2005) invagtid a two-item inventory model with a linear sta@pendent
demand rate in a condition where mutual increasgeimand is linearly correlated to the presenceéhefather item.
Liu and Yuan (2000) constructed a Markovian moael d& two-item inventory system with correlated dachand
coordinated replenishments, whose demand was angdala Poisson process. Shah and Avittahur (R6@deled a
multi-item inventory problem with demand cannibatinn and substitution, focusing on twin problenfsoptimal
portfolio selection and optimal stocking.

Demand rate of product may vary throughout theirgglperiod. Experimentally, fashionable apparetl an
consumer electronics are expected to sell bettethatbeginning of the selling period, while producuch as
holiday-linked products are expected to reach gadek at the end of the selling period as the hglapproaches. A
number of time-dependent demand rates have appearéde literature, including Hariga (1993), Hariged
Benkherouf (1994), Urban and Baker (1997) and Khaard Chaudhuri (2003): among them are linear, rexpiial,
polynomial and quadratic forms of demand rate.
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Most EOQ models have been postulated for varioddig cost. Giri et al. (1996) developed a gerizeal
model for deteriorating items: the holding coswdfich is a continuous function of time. Weiss (2P8onstructed a
variation of EOQ model, whose holding cost is aveonfunction of time; that is in contrast to thasdic model where
holding cost is either a constant or a linear fiomctof time. Goh (1994) considered two types ofdhmy cost
variation: nonlinear function of storage time armhimear function of storage level. Recently, Adfa (2007) first
initiated holding cost as a step function of steréighe into inventory system, in which two dististép functions are
introduced: retroactive and incremental increase.

The retroactive increasing (decreasing) step fanstiof holding cost are comprehensively applicablpractical
environments. For items such as food productslotinger the products are stored, the more sophisticthe facilities
and the more service needed, and hence the higi@ingp cost. On the contrary, the strategy of “tbeger the
storage time, the cheaper the holding cost” is lisbaing implemented to stimulate more demand fretailers.

Thus, unlike the Alfares (2007), we extend the lgjccost step function structure to the two-iterateyn.  For
each item, storage time can be partitioned offreesef time periods with distinctive unit holdirgsts that could be
retroactive increasing (decreasing), which meaasttie unit holding cost at the last storage pewibbe applied to
all previous storage periods. Also, the featuréheftwo items differs from those in Bhattacharg805) and Liu and
Yuan (2000) by assuming (1) demands of items antiroously decreasing in time; (2) demand of thst fitem will
trigger additional demand toward the second onénbtivice versa; and (3) two possible distinctiisglperiods are
incorporated into our proposed model. In addititwe, objective of this paper is to minimize theatdhventory cost
per unit time.

The remainder of this paper is organized as followsotation and assumptions are outlined in SecZionWe
develop the inventory model and construct the dbhjedunction in Section 3 associated with theaadtianalysis. In
Section 4, a solution methodology is presented degmonstrated by numerical examples. Finally, amioh and
remarks on future research close the paper in@ebti

Notation and Assumptions
The following notations will be used throughoutstpiaper.
Foritem 1,1 =1, 2, we clarify that:
I, (t) =inventory level at time¢
¢, =order quantity
T. =selling period, T, < T,
€ = constant unit deterioration rate per unit time
h =unit holding cost per unit time
C, =unit purchasing cost
f, (t) = decreasing demand rate in time
A deteriorating two-item inventory system start®ging at timet =0 with the order quantitiest), andd|,

for the first and the second item respectivelypageanied with the ordering cost During time span [0T4], the two
items are sold concurrently with the assumed degrgalemand ratesf, (t) andf,(t) . For the second item, besides

its own demand, there also exists the extra dermaoded by the first item, whose amount is assumédzt tin direct
proportion to f (t) with a fixed constantr, that isr f(t) . The first item will stop selling atT;

with [, (T,) = O,while the second item continues to sell on théofaing time span[Tl,TZ] . Eventually, the system

ends atT, with |2(T2) =0. During the implementation of the system, shg@tes not allowed, and for each item the

unit holding cost at the last storage time perdpplied to all its previous time period.
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Model For mulation and Objective Function
According to the aforementioned assumptions, weehée following governed different equations fb{(t)

andl ,(t).

d'éft) =-0),(t)- f,(t), 0<t<T, 0
LD - 1,0~ 10 -1, 0<t<T, @
dlét(t)z—ﬁzlz(t)—fz(t), T, <t<T, @)

with the conditions1,(0)=¢q,, 1,(0)=q,, I,([,)= 0 and I,(T,) =0.
Solutions for 1,(t) and I,(t) are

|,(t)=e™ j e f (u)du, O<t<T, (4)
e (I e’ f,(u)du +jtTlre"2u fl(u)du), 0<t<T,
1, (t) = (5)
g j e f,(u)du, T,<t<T,
and
6 = e™f,(u)du )
j e f,(u)du + j re? f,(u)du. (7)

Objective Function
First, we construct the total inventory co'sEC(Tl,Tz) which is the sum of the ordering cost, holdingtcod

deteriorating cost.

TC(T, T,) = A+h[ 1)t +h,[ "I (t)ct+c,[ 6] (t)dt+c | ") fr)ct
= A+(h+cB)[ 1, Bdt+(h+c )1 ®

Substituting (4),(5) into (8), and manipulatingalahen
TC(T,T,) = A+(h,+cf) j e j ‘e f.(u)dudt
+(h,+c 6?2)“ e Hztj' re’ f (u)dudt+J'2 ‘WJ e (u)dudt) ©)

Due to the unequal selling periodg, T, of the two correlated items, we define the tatakntory cost per unit

time, denoted byZ(Tl,TZ), as follows: dividing the total inventory cost the real operation time unit of the system,

that is
TC(T T)
T,T)=—1 2/
”( 1 2) T1+T2

And this paper aims at finding the optimal sellpegiods T, and T, to minimize ther(T,,T,).

(10)

Analysis
We will verify that 77(T1,T2) is a strictly pseudo convex function @f and T,. To this end, since the

denominator is linear if; andT,, we just need to prove that the numerafEE(Tl,Tz) is strictly convex function of
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T, andT,. Therefore, taking advantage of the formula:
(M ag(T,t)

% T = g, M) - M= gAML+ S5t where (). stands

for the first-order derivative df(-), the following first-order partial derivatives oTC( 1, T,) with respect toT,

and T, are obtained.

aTC(I',T) h +cé, i _ r(h,+cg) O _
aTi 2 2 (et -1) 1,(T,) + 3 (" -1) f,(T) (11)
OTC(T,T,) _ h,+Ch,( g
2z =1) f 12
T 7 (e -1) 1,(T,) (12)
For small valuesé?l ande, the approximation€* —1= X is applied to (11) and (12), and it yields
w =(h e +rh,+red ) Ti(T) (13)
1
oTC(T,T.
M = (hz + ngz)Tzfz(Tz) (14)
oT,
Under the circumstance, the second-order partiatateres of TC(T,,T,) are accordingly given by
0°TC(T,,T. .
ITCTT:) = (1, +0, th, 108 £T) +T£(T)) as)
1
0°TC(T,,T. .
a-(l-zl 2) :(hz +0292)( fz(T2)+T2f2(T2)) (16)
2
. _ _ 9°TC(T,,T,)
From the right-hand sides of (15) and (16), we fiud that the valuesT i =1, 2, will be positive if

i
the inequality f,(T;)+T. f,'(T.) >0 holds. And it is feasible because most existingetdecreasing demands in the
literature are satisfying the inequality. For imste, the demandf (t)=at'™, @ >0, 0<r <1, in Urban and
Baker (1997) is unconditionally satisfying, alse tdemand f (t)=ae™®, >0, £>0, in You and Chen

1
(2007) is conditionally satisfying with constrairt <E (B is usually small). Thus, through the suitable ooinbf

0°TC(T,,T,)
oT?

T., the positive is anticipated, and thereby leads to the follovontcome.

Theorem 1. For smalld, andd,, given decreasind, (t) and f,(t), let T =supfT, ‘f T)+Tf (T)>0},
i=1,2 and T = min{'i’l, 'T'Z} , then the TC(T,,T,) is strictly convex onJ ={(T, T,) ‘O <T,<T,< T} .

2
Proof. Based on the earlier anaIy&sﬁ , 1=1,2 onJ, also from (13), we hav 9 TC(Tl’TZ) =
: dT, dT,
0°TC(T,,T,) 0°TC(T,T,)
_ | oT? 0T, aT, _
Thus, the Hessian matrix >0 onJ, and this completes the proof.
0°TC(T,,T,) O0°TC(T,T,)
dT, aT, oT;
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Theorem 2. The7r(T,,T,) is strictly pseudo convex ah
Proof. Combining the proven strict convexity of the nuater TC(T,,T,) with the linear property of its
denominator i}, T,, this result is sequentially acquired. For moréaiiethe paper of Quyang et al. (2006) may be

consulted.
Next, the selling periods to minimizé?('l'l,Tz) are concerned. If possible, the necessary optyr@inditions

o, T) _, . 0T,
o, o,

derivatives of 77(T,,T,) with respective td, and T,, and set the result to be zero, then

omT,T,)_ 1 (aTcm,Tz)

=0 must be required simultaneously. Thus, we take first-order partial

(T,+T)-TC (T11T2)j

aT, (T,+T,)° aT,
1 (0TC(T,T,)
= -m(T.,T.)|=0 17
T1+T2( aT, (T T2) an

oI, T,)_ 1 dTC(T,T,)
aT, (T,+T,)? aT,
_ 1 (oTC(T,T,)
T, +T, oT,
0TC(T,,T,)

(T,+T)-TC (T11T2)j

_ﬂ(Tl’Tz)j =0 (18)

Replacing 77(T,, T,) with in (17), and according to (11) and (12), we have

2
om(T,T,) __ 1 oTC(T,,T,) oTC(T,T,)
oT, T +T, 0T, oT,

1 O, ( _ar, h,+ o,
=T+T[“l+°1 (e -0) 1,m) + L2 ey 1 )

01 2
+c,0,
hZ 9 ( 92T2 _1) f2 (I—Z):| = O (19)
2
omT,T,)_ 1 oTC(T,T,)
= -m(T.,T
aT, T1+T2( aT, (T Te)
1 h, +c,0, T, _
=T +T2[ ) ( ool —1) f, (I'z)—n(Tl,Tz)} =0 (20)

Theorem 3. For fixedT,, there uniquely exists &, [] (O,Tz] so as to minimiz&(T,, T,) .

Proof. Motivated by (19), let
oTC(T,,T,) _oTC(T,,T))

P =" oT
=R ) Ly T @ -1 )
Rreb, ;Czez( o ~1) £, (T,) (21)

2
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0°TC(T,,T,)

Then, we haveF' =
(T) oT?

>0 on J, implying F(T,) is strictly increasing if;. Also,

F(0)= —%(6@2 —1) f,(T,)< 0, hence if F(T,) >0 then T, is uniquely determined in(0,T,) such

2

or(T,T.
that (19) holds. Contrarily, FF(T,) <0, according to (19), then%s 0. That way we takel, =T, to a
1
purpose of minimizing?(Tl,Tz) , and this completes the proof.

Theorem 4. There always exists a uniqué, < :I:z such that (20) holds.
Proof. First letT, - 0", then T, - 0", too. Also from (9) TC(T,,T,) will approach toA asT, — 0",
TC(T,,T,) —o

T +T,

Next, because ther(T,,T,) is strictly convex forT, <T, and strictly concave fdr, >T,, an inflection

solim 7(T,T,) = lim
T,-0" T,-0"

point occurs at:I:Z. Therefore, three possible behaviors @(T,, T,) with respecttoT, are concluded in Fig.1.

A
A A

T VA T

> T, 0 : > T,

l

mdl 0

T T

N

Figure 1: Three possible behaviorsof 77 with respectto T,

Obviously, the first behavior contradicts the pesitvalue of 77(T;,T,), and the second violates the smooth

function of77(T,,T,) at 'Fz Only the last fits the properties off(T,,T,), which consequently results in a

horizontal tangent line in(0, fz) and this completes the proof.

Solution M ethodology and Examples

According to the previous section, we have learthedoptimal solutionTl* and Tz* can be obtained either by
solving (19) and (20) simultaneously with the féwat O < Tl* <T2* <'F2, or by solving (20) alone in response to
0<T, =T, <'F2. In dealing with the step function structure ofding cost, we still need to findl, ,T, that
match with the given correspondihg h2. With the aid of graphics, the following two exde®mwill help illustrate our
methodology.
Example 1. (Retroactive increasing) Given the following paetens: A=500, ¢, =10, c,=5, & =0.01,
6,=0.01, r =0.2, f(t)=300e7%, f,(t)=450"%?, and the unit holding costs are listed below. &Not

thaiT, =200 F =500, and T - 1000,
3 3
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h time period hz
8 (0,0.q 4
9 (0.2,04 5
10 (0.4,0) 6

TQA I T]:T2

|

¢ )p.p

0.4 7

5 /

0.2

4

»7,
0 g 0.290.410

Figure 2: Increasing holding cost

Before proceeding, for convenience, we designkt€h ,h,) as a pair of valuedh, h, with the corresponding
domain given. TakingH (8,5) for example,h, =8, h, =5, and (0,0_qx( 0.2,0,}1 is its domain. Also,
we define P(Tl,T2|H (hl,hz)) as a solution point to (19), (20) under the valtk(h,h,) and as a realizable
solution point if P(T,, T,|H (h;,h,)) OH (h,,h,).

Sep 1. Find the realizable solution point
Starting withH(8,4) to solve (19),(20), the solution point obtadris P, (0.3893, 0.57054 (8, 4)] H (9t

which is not realizable. Thus applying th#(9,6) to solve (19),(20) again, the solution powttained is
Pz(0.3889,0.441p-| (9,6)] H (9,t which is realizable (see Fig.2), & is the realizable solution point as

well as a possible optimal solution to this problem
Sep 2. Find other possible optimal solutions

Other than P, (O.3889,0.441B—| (9, 6 other possible optimal solutions are expectedrise at locations

adjacent tdH(9,6), includingH(8,6), H(8,5) andH(9,5) (shady regions in Fig.2), but excludid¢l0,6) because of its
left-hand solution point and left open boundargpaéxcludingH(10,5) because of the requiremeht < T,. Therefore,

the following movements are taken to find othergilale optimal solutions.
Applying H(8,6) to (19) and (20) to obtain a solution poiRt (0.4202, 0.430FH (8, Qﬂ H (10, which

is not realizable, thus the boundary po(’ﬁ‘).Z, O.430$—| (8, E)) nearest td is taken as a possible optimal solution.
Applying H(8,5) to (19) and (20) to obtain a solution po@(0.4074,0.489p-| (8,5))] H (10, which

is not realizable, thus the boundary po(’ﬁ‘).Z, O.4H (8, 5) nearest t@ is taken as a possible optimal solution.
Applying H(9,5) to (19) and (20) to obtain a solution poiR(O.3757, O.501p—| (9, $ﬂ H (9, whichis

not realizable, thus the boundary poi(ﬁ).S?S?,O.aFH (9,3) nearest toR is chosen as a possible optimal

solution.
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Sep 3. Calculate the corresponding valuby (10)
7(0.3889,0.441f4 (9,8 1203.

77(0.2,0.430¢H (8,6)= 1282.(
71(0.2,0.4H (8,5)= 1227.7
7(0.3757,0.4H (9,9)= 1155.:

As a result, the optimal values to the problem ®e=0.3757, T, =0.4, 7 =1155.22,
g, =112.847 and g, =202.85¢.

Example 2. (Retroactive decreasing) The same parameters asiie& 1, except for the unit holding costs as given
below:

h time period hz
11 (0,0.q 7
10 (0.2,0.4 6
9 (0.4,0) 5
Tzll , 1,=T,
|

5 / p.p)

0.4 // )
¢ U/

0.2
7

?T]
0 02 04
11 10 9

Figure 3: Decreasing holding cost

Sep 1. Find the realizable solution point
Applying H(11,7) to (19) and (20), to obtairﬂ(0.3492,0.412p-| (11, 7DH (10,, again applying

H(10,5) to (19) and (20) to obtaif, (0.3487,0.51OFH (10,$D H (10,, thusP,is the realizable solution

point and a possible optimal solution as well.
Sep 2. Find other possible optimal solutions

Applying H(11,5) to (19) and (20) to obtai(|0.3254, O.519|]—| (11, $D H (10,, thus the boundary point
(0.2,0.5197H (11,9) is chosen.

Applying H(11,6) to (19) and (20) to obtai(|0.3389, O.459|4-| (11, ¢ﬂ H (10,, thus the boundary point
(0.2, O.4H (11, 6) is chosen.

Applying H(10,6) to (19) and (20) to obtai(|0.3621, O.451p—| (20, ¢ﬂ H (10,, thus the boundary point
(0.3621,0.4H (10,6} is chosen.
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Sep 3. Calculate the corresponding value
7(0.3487,0.510H (10,5 1162.

7(0.2,0.519TH (11,9= 1222
7(0.2,0.4H (11,6)= 1247.7
7(0.3621,0.4H (10,6)= 1234.

As a result, the optimal values to the problem Bre=0.3487, T, =0.510S, 77 =1162.8¢,
g, =104.72F and g, =251.33¢.

CONCLUSION

During the solution-finding process, the realizabddution point which also is a possible optimduton needs
to be found first, so as to prompt other possilpéneal solutions to be obtained accordingly. Howmrwno theory
supports the must-existence of the realizable immiytoint, though the two numerical examples bdtbvs it indeed
exists. One possible situation that cannot bedrolgt is that: at Step 1, the solution points wowdder converge to
the realizable solution point, but instead they roagillate between two regions in the end. Underdircumstance,
the possible optimal solutions located adjacentht two regions are necessary to be consideredetiter. The
proposed model can be applied to any non-decredsimg demand rates since the positive values of &l (16)
automatically satisfy the equations. Also, a mitétim system could fit well into our solution metlwogy. For future
research, the proposed model can be generalizadchtore complicated demand rate such as multivafustetion of
time, selling price and instantaneous inventorglev
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